what is the first fundamental theorem of
calculus

what is the first fundamental theorem of calculus is a pivotal concept in mathematics that
connects the fields of differential calculus and integral calculus. This theorem serves as a bridge
between the process of taking derivatives and calculating integrals, establishing a profound
relationship between these two fundamental operations. Understanding the first fundamental
theorem of calculus is essential for students and professionals alike, as it forms the basis for more
advanced topics in calculus and mathematical analysis. This article will explore the theorem's
definition, its significance in the world of mathematics, and provide examples to illustrate its
applications. Additionally, we will delve into the second fundamental theorem of calculus and its
relationship to the first, ensuring a comprehensive understanding of these concepts.

Definition of the First Fundamental Theorem of Calculus

Significance of the First Fundamental Theorem of Calculus

Examples lllustrating the First Fundamental Theorem of Calculus

Relationship with the Second Fundamental Theorem of Calculus

e Applications of the First Fundamental Theorem of Calculus

Definition of the First Fundamental Theorem of
Calculus

The first fundamental theorem of calculus establishes a crucial connection between differentiation
and integration. It states that if a function \( f\) is continuous on the closed interval \([a, b]\) and \( F )
is an antiderivative of \( f\) on that interval, then the integral of \( f\) from\(a\) to \( b\) can be
calculated using the following formula:

. f(x) dx = F(b) - F(a)

In this expression, \( [.” f(x) dx \) represents the definite integral of the function \( f(x) \) between the
limits \( @\) and \( b \). The function \( F(x) \) is an antiderivative of \( f(x) \), meaning that \( F'(x) =
f(x) \). This theorem implies that the process of integration can be reversed by differentiation, and it
provides a method for calculating the area under a curve defined by the function \( f\).



Significance of the First Fundamental Theorem of
Calculus

The first fundamental theorem of calculus holds immense significance in both theoretical and applied
mathematics. It not only lays the groundwork for integral calculus but also enhances our
understanding of the relationship between the two primary operations of calculus. Here are a few key
points highlighting its importance:

e Linking Concepts: It links the concepts of differentiation and integration, which are often
viewed as separate entities in mathematics.

¢ Area Calculation: The theorem provides a practical method for calculating the area under
curves, which has applications in various fields such as physics, engineering, and economics.

e Foundation for Advanced Topics: It serves as a foundational concept for more advanced
topics in calculus, including improper integrals and multivariable calculus.

* Mathematical Rigor: The theorem enhances the rigor and structure of calculus, confirming
that antiderivatives exist for continuous functions.

Ultimately, the first fundamental theorem of calculus is essential for anyone studying mathematics, as
it is a cornerstone of the entire field of calculus and mathematical analysis.

Examples lllustrating the First Fundamental Theorem
of Calculus

To grasp the first fundamental theorem of calculus fully, it is beneficial to work through some
examples. Below are a couple of scenarios that illustrate the application of the theorem:

Example 1: A Simple Polynomial Function

Consider the function \( f(x) = 3x~2\). We want to find the definite integral of \( f(x) \) from \( 1) to \(
4\).

First, we find an antiderivative \( F(x) \) of \( f(x) \):
F(x) =x"3+C

According to the first fundamental theorem of calculus, we can compute:



[." 3x2dx = F(4) - F(1)
Calculating, we find:

F(4) = 4° = 64
F(l)=13=1
[*3x?dx =64 -1=63

Example 2: A Trigonometric Function

Now consider the function \( f(x) = \sin(x) \). We want to find the definite integral from \( 0 \) to \( \pi
\).

The antiderivative of \( f(x) \) is:

F(x) = -\cos(x) + C

Using the first fundamental theorem of calculus, we have:
Jo" sin(x) dx = F(m) - F(0)

Calculating, we find:

F(m)=-(-1)=1
F(0)=-(-1)=1
Jo"sin(x)dx=1-1=0

Relationship with the Second Fundamental Theorem of
Calculus

The first fundamental theorem of calculus is complemented by the second fundamental theorem of
calculus, which further elucidates the connection between differentiation and integration. The second
theorem states that if \( f\) is continuous on \([a, b]\), then the function \( G(x) = [,* f(t) dt\) is
differentiable on \((a, b)\) and its derivative is given by:

G'(x) = f(x)

This means that the process of integration can be used to define a new function \( G(x) \), and this
function is differentiable, with its derivative being the original function \( f(x) \). Thus, both theorems
collectively illustrate the profound relationship between differentiation and integration.



Applications of the First Fundamental Theorem of
Calculus

The first fundamental theorem of calculus has numerous applications across various fields. Here are a
few notable examples:

* Physics: The theorem is used to calculate work done by a force, as work can be expressed as
the integral of force over distance.

e Economics: It helps in finding consumer and producer surplus by calculating the area under
demand and supply curves.

* Engineering: Engineers use this theorem in analyzing systems and processes that involve
rates of change and total quantities.

e Statistics: It plays a role in determining probabilities and expected values through integration
of probability density functions.

Overall, the first fundamental theorem of calculus is an essential tool that facilitates the analysis and
understanding of various mathematical and real-world phenomena.

Q: What does the first fundamental theorem of calculus state?

A: The first fundamental theorem of calculus states that if a function f is continuous on the closed
interval [a, b] and F is an antiderivative of f on that interval, then the integral of f from a to b is equal
to F(b) - F(a).

Q: How do | find an antiderivative for a function?

A: To find an antiderivative for a function f(x), you look for a function F(x) such that F'(x) = f(x). This
often involves applying power rule, product rule, or other integration techniques.

Q: Can the first fundamental theorem of calculus be applied to
discontinuous functions?

A: The first fundamental theorem of calculus requires that the function f be continuous on the interval
[a, b]. If fis discontinuous, the theorem may not hold, although it can sometimes be extended to
functions with certain types of discontinuities.



Q: What is the difference between the first and second
fundamental theorems of calculus?

A: The first fundamental theorem of calculus connects differentiation and integration, stating how to
evaluate definite integrals using antiderivatives. The second fundamental theorem states that the
integral of a function can be differentiated, linking the process of integration to the original function.

Q: Why is the first fundamental theorem of calculus important
in real-world applications?

A: The first fundamental theorem of calculus is important in real-world applications because it allows
for the calculation of areas, total quantities, and the relationship between rates of change, which are
crucial in fields such as physics, engineering, and economics.

Q: Can you provide an example of using the first fundamental
theorem of calculus?

A: Yes, an example would be finding the area under the curve of the function f(x) = 2x from 1 to 3. By
finding the antiderivative F(x) = x? and applying the theorem, we can compute the area as F(3) - F(1)
=9-1=38.

Q: How does the first fundamental theorem of calculus relate
to limits?
A: The first fundamental theorem of calculus relates to limits through the definition of the definite

integral, which involves taking the limit of Riemann sums as the partition of the interval approaches
zero.

Q: What role does continuity play in the first fundamental
theorem of calculus?

A: Continuity of the function f on the interval [a, b] is essential for the first fundamental theorem of
calculus, as it ensures the existence of an antiderivative and guarantees that the integral can be
properly evaluated.

Q: Are there any exceptions to the first fundamental theorem
of calculus?

A: Yes, if a function is not continuous on the interval [a, b], the first fundamental theorem may not
apply. However, there are certain conditions under which it can still be applied, such as piecewise
continuous functions.



Q: What is the significance of the constant of integration in
the first fundamental theorem of calculus?

A: The constant of integration is significant because it represents the family of all antiderivatives of a
function. While the definite integral computed using the first fundamental theorem yields a specific
value, the constant is crucial for understanding the general form of antiderivatives.
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