squeeze theorem multivariable calculus

squeeze theorem multivariable calculus is a fundamental concept that plays a
crucial role in the analysis of limits in the field of multivariable
calculus. This theorem helps in determining the limit of a function at a
point when the function is complicated or challenging to evaluate directly.
By effectively "squeezing" the function between two other functions whose
limits are known and equal at that point, we can conclude the limit of the
original function. This article will explore the squeeze theorem in the
context of multivariable calculus, discussing its definition, applications,
and examples, while also providing a comprehensive understanding of how it
integrates with other calculus concepts.
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Understanding the Squeeze Theorem

The squeeze theorem, also known as the sandwich theorem, provides a method
for finding the limit of a function. In a multivariable context, the theorem
applies to functions of two or more variables. The basic premise is
straightforward: if a function f(x, y) 1is squeezed between two other
functions g(x, y) and h(x, y) such that g(x, y) £ f(x, y) £ h(x, y) for all
points in a neighborhood around a point (a, b), and if the limits of g and h
as (x, y) approaches (a, b) are equal, then the limit of f as (x, V)
approaches (a, b) must also equal that wvalue.

Mathematically, this can be represented as follows: if

\ [

\lim_{ (x,y) \to (a,b)} g(x,y) = \lim_{ (x,y) \to (a,b)} h(x,y) =L

\]

and for all (x, y) in some neighborhood of (a, b),

\ [

g(x, y) \leg f(x, y) \leqg h(x, y),

\]

then

\ [

\lim_{ (x,y) \to (a,b)} f(x,y) = L.

\]

This theorem is particularly useful in multivariable calculus because it
allows for the evaluation of limits that might otherwise be difficult to
compute directly.



Application of the Squeeze Theorem in
Multivariable Calculus

The application of the squeeze theorem in multivariable calculus extends to
various fields including physics, engineering, and economics, where
understanding the behavior of functions at specific points is essential. One
of the most significant uses of the squeeze theorem is in evaluating limits
involving trigonometric, exponential, or polynomial functions, especially
when those functions exhibit complex behavior near certain points.

In multivariable calculus, the squeeze theorem can be used for functions that
are continuous and bounded. This involves demonstrating that the function in
question can be bounded above and below by two other functions that converge
to the same limit. This technique is especially beneficial when working with
functions that approach zero or exhibit oscillatory behavior around a limit.

Some key areas where the squeeze theorem is applied include:

e Evaluating limits: Especially for functions that are difficult to
manipulate directly.

e Analyzing continuity: Understanding how functions behave in multi-
dimensional spaces.

e Finding derivatives: Helping to establish the differentiability of
functions in multiple dimensions.

Examples of the Squeeze Theorem

To illustrate the application of the squeeze theorem, consider the following
example. We want to find the limit of the function

\ [

f(x, y) = xy \sin\left (\frac{1}{x"2 + y*2}\right)

\1]

as (x, y) approaches (0, 0). The sine function oscillates between -1 and 1,

which provides natural bounds for f(x, v).

We can establish bounds for f(x, y) as follows:

\ [

- |xy| \leqg xy \sin\left (\frac{1}{x"2 + y"2}\right) \leqg |xy]|.

\1]

As (x, y) approaches (0, 0), both —-|xy| and |xy| approach 0. Thus, by the
squeeze theorem, we conclude:

\ [

\lim_{ (x,y) \to (0,0)} f(x,y) = 0.

\1]

Another example is evaluating the limit of

\

f(x, y) = x"2 4+ y*2 \sin\left (\frac{1}{x"2 + y”2}\right)
\]

as (x, y) approaches (0, 0). Again, we can use the properties of the sine



function to find that:

N

- x"2 - y*2 \leqg x"2 + y*2 \sin\left (\frac{1l}{x"2 + y*2}\right) \leg x"2 +
yh2.

\1]

Since both inequalities approach 0 as (x, y) approaches (0, 0), we apply the
squeeze theorem to conclude:

\

\lim_{(x,y) \to (0,0)} f(x,y) = 0.

\1]

Limitations and Considerations

While the squeeze theorem is a powerful tool in multivariable calculus, it
does have its limitations and certain considerations must be kept in mind.
Firstly, for the theorem to apply, it is essential that the bounding
functions g(x, y) and h(x, y) converge to the same limit L as (x, Vy)
approaches (a, b). If this condition is not met, the conclusion drawn
regarding f(x, y) will be invalid.

Secondly, the squeeze theorem is most effective for functions that are
continuous in a neighborhood around the limit point. If a function has
discontinuities or is not well-defined in that region, the application of the
theorem may not yield accurate results.

Moreover, it is important to note that while the squeeze theorem can help
find limits, it does not provide information about the nature of the function
itself beyond convergence. Thus, further analysis may be necessary to fully
understand the behavior of the function in question.

In practice, when applying the squeeze theorem, it is advisable to rigorously
check the conditions and the behavior of the functions involved, ensuring
that they meet the necessary criteria.

Conclusion

The squeeze theorem is an essential concept in multivariable calculus that
provides a systematic approach to evaluating limits of complex functions. By
identifying bounding functions that converge to the same limit,
mathematicians can draw conclusions about the limit of the original function
without directly calculating it. This theorem not only simplifies the
determination of limits but also enhances the understanding of continuity and
differentiability in multiple dimensions. Mastering the squeeze theorem can
significantly aid students and professionals in their studies and
applications of multivariable calculus, making it a wvaluable tool in the
field of mathematics.

Q: What is the squeeze theorem in multivariable
calculus?

A: The squeeze theorem in multivariable calculus states that if a function
f(x, y) is bounded between two other functions g(x, y) and h(x, y), and both



g and h converge to the same limit L as (x, y) approaches a point (a, b),
then the limit of f(x, y) must also equal L.

Q: How do you apply the squeeze theorem?

A: To apply the squeeze theorem, identify two functions g(x, y) and h(x, V)
such that g(x, y) £ f(x, yv) £ h(x, y) in a neighborhood around the point of
interest. Then, show that the limits of g and h are equal as they approach
the same point. If this is the case, the limit of f will also equal the same
value.

Q: Can the squeeze theorem be applied to all
functions?

A: No, the squeeze theorem can only be applied to functions that are
continuous in a neighborhood around the limit point and that meet the
conditions of being squeezed by two functions that converge to the same
limit.

Q: What types of functions commonly use the squeeze
theorem?

A: The squeeze theorem is often used with trigonometric functions,
exponential functions, and polynomial functions, particularly when these
functions exhibit oscillatory behavior or when direct evaluation is complex.

Q: What are the limitations of the squeeze theorem?

A: Limitations include the requirement that the bounding functions must
converge to the same limit and that the function being analyzed must be
continuous in the neighborhood of the limit point. Additionally, the theorem
does not provide information about the function's behavior beyond
convergence.

Q: Can you give an example of the squeeze theorem in
action?

A: An example is finding the limit of f(x, y) = xy sin(1/(x"2 + y"2)) as (x,
y) approaches (0, 0). By bounding the function with -|xy| and |xyl|, both of
which approach 0, the squeeze theorem shows that the limit of f is also O.

Q: Is the squeeze theorem useful in higher
dimensions?

A: Yes, the squeeze theorem is particularly useful in higher dimensions as it
can be applied to functions of multiple variables, allowing for the
evaluation of limits in more complex scenarios than those involving single-
variable functions.



Q: What is the significance of the squeeze theorem in
calculus?

A: The squeeze theorem is significant because it provides a systematic method
for evaluating limits, thereby enhancing understanding of continuity,
differentiability, and the behavior of functions in calculus, which are
foundational concepts in mathematics and its applications.
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