
schubert calculus
schubert calculus is a fascinating and intricate area of mathematics that
intersects algebraic geometry, combinatorics, and representation theory. This
field primarily deals with the study of Schubert classes in the cohomology of
Grassmannians and their applications in enumerative geometry. Schubert
calculus provides powerful tools for solving problems related to counting
geometric objects, understanding intersection theory, and exploring the
structure of various mathematical spaces. In this article, we will delve into
the fundamental concepts of Schubert calculus, its historical development,
key applications, and the interplay between Schubert calculus and other
mathematical domains. Furthermore, we will explore various methods and
techniques used in this area, providing a comprehensive overview suitable for
both beginners and advanced learners.
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Introduction to Schubert Calculus
Schubert calculus is named after Hermann Schubert, who formulated the initial
ideas surrounding this mathematical framework in the late 19th century. At
its core, Schubert calculus focuses on the study of Schubert varieties, which
are geometric objects associated with the Grassmannian, a space that
parametrizes linear subspaces of a given dimension in a vector space. The
fundamental question in Schubert calculus often revolves around counting the
number of intersections of these varieties under certain conditions.

The central objects of study in Schubert calculus are Schubert classes, which
are cohomology classes that arise from Schubert varieties. These classes can
be used to formulate problems in enumerative geometry, such as counting the
number of lines intersecting a given number of surfaces in projective space.
The beauty of Schubert calculus lies in its ability to provide explicit



formulas and combinatorial interpretations for these enumerative problems.

Historical Background
The origins of Schubert calculus trace back to the work of Hermann Schubert
in the 1870s, where he introduced the concept of enumerating intersections of
subspaces. Schubert's work laid the groundwork for the development of
intersection theory and the study of enumerative geometry within algebraic
geometry.

In the early 20th century, mathematicians like David Hilbert and others
expanded upon Schubert's ideas, further formalizing the techniques used to
count intersections and develop a more rigorous framework. The introduction
of cohomology theory in the 1940s by mathematicians such as Henri Poincaré
and Alexander Grothendieck provided the tools necessary to analyze Schubert
classes in a more systematic manner.

Over the decades, Schubert calculus has evolved into a rich field of study,
attracting interest from various mathematical disciplines, including
algebraic geometry, combinatorial mathematics, and mathematical physics. The
interplay between these areas has led to significant advancements in the
understanding of complex geometric structures.

Fundamental Concepts
To grasp the essentials of Schubert calculus, one must first understand
several key concepts, including Grassmannians, Schubert varieties, and
Schubert classes.

Grassmannians
The Grassmannian, denoted as Gr(k, n), is the space of all k-dimensional
linear subspaces of an n-dimensional vector space. It provides a natural
setting for studying problems in linear algebra and geometry. For example,
the Grassmannian Gr(1, n) corresponds to the projective space of lines in n-
dimensional space.

Schubert Varieties
Schubert varieties are specific subvarieties of the Grassmannian that
correspond to particular conditions on the position of subspaces. Each
Schubert variety can be associated with a partition, which dictates the
intersections of these subspaces with respect to a chosen flag of subspaces.



Schubert Classes
Schubert classes are cohomology classes represented by Schubert varieties.
They are crucial in the formulation of intersection problems, allowing
mathematicians to compute intersection numbers using algebraic methods. The
product of Schubert classes corresponds to the intersection of their
respective varieties, revealing deep combinatorial relationships.

Applications of Schubert Calculus
Schubert calculus has numerous applications across various fields of
mathematics and beyond. Some of the most prominent applications include:

Enumerative Geometry: One of the primary applications of Schubert
calculus is in enumerative geometry, where it provides tools to count
geometric configurations, such as lines, planes, and higher-dimensional
subspaces intersecting in specified ways.

Intersection Theory: Schubert calculus plays a significant role in
intersection theory, helping compute intersection numbers and understand
the geometric properties of varieties.

Representation Theory: The connections between Schubert calculus and
representation theory have led to new insights in the study of symmetric
functions and their applications in combinatorial enumeration.

Mathematical Physics: Schubert calculus has found applications in
mathematical physics, particularly in areas like string theory and the
study of moduli spaces.

Techniques and Methods
There are several techniques widely used in Schubert calculus, which
facilitate the computation of intersection numbers and the study of Schubert
classes.

Intersection Numbers
Intersection numbers can be computed using various methods, including the use
of the Schubert polynomial, which encodes the combinatorial structure of
intersections. These polynomials allow for explicit calculations of
intersection numbers via their coefficients.



Combinatorial Techniques
Combinatorial techniques such as Young tableaux and the use of symmetric
functions are instrumental in computing intersection numbers. These methods
provide a visual and combinatorial approach, making the computations more
accessible and understandable.

Geometric Techniques
Geometric techniques involve studying the properties of Schubert varieties
directly through their definitions and geometric configurations. This
approach often leads to insights about the structure and relationships
between different varieties.

Interconnections with Other Areas of
Mathematics
Schubert calculus is not only significant in its own right but also
intersects with various other mathematical domains. Its connections are
particularly notable in the following areas:

Algebraic Geometry
Schubert calculus is rooted in algebraic geometry, particularly concerning
the study of projective varieties and their cohomology. The methods developed
within Schubert calculus have influenced the broader field of algebraic
geometry significantly.

Combinatorics
The combinatorial aspects of Schubert calculus have fostered a rich
interaction between the two fields, leading to the development of new
combinatorial identities and results related to symmetric functions and
partitions.

Topology
Topology, particularly algebraic topology, is closely linked to Schubert
calculus through the study of cohomology rings and characteristic classes.
This relationship enhances the understanding of the topology of various
mathematical spaces.



Future Directions and Research Trends
The field of Schubert calculus continues to evolve, with ongoing research
exploring new applications and deeper theoretical insights. Current trends
include:

Connection to Mathematics of Moduli Spaces: The exploration of how
Schubert calculus can be applied to the study of moduli spaces is an
active area of research.

Computational Techniques: Advances in computational methods are enabling
researchers to tackle more complex problems and verify conjectures in
Schubert calculus.

Interdisciplinary Applications: The application of Schubert calculus
techniques in fields like algebraic topology, mathematical physics, and
combinatorial optimization is expanding, opening new avenues for
exploration.

Conclusion
Schubert calculus stands as a vital and dynamic area of mathematics,
characterized by its rich history, fundamental concepts, and wide-ranging
applications. As an intersection of various mathematical disciplines, it
offers profound insights into the nature of geometric objects and their
relationships. The techniques and methods developed within this field
continue to impact both theoretical and applied mathematics, paving the way
for future discoveries and advancements. With ongoing research and
exploration, Schubert calculus remains a vibrant area of study, promising
exciting developments in the years to come.

Q: What is Schubert calculus used for?
A: Schubert calculus is primarily used in enumerative geometry to count
geometric configurations and understand the intersections of subspaces. It
has applications in algebraic geometry, representation theory, and
mathematical physics.

Q: Who is Hermann Schubert?
A: Hermann Schubert was a German mathematician in the 19th century who
introduced the foundational concepts of Schubert calculus, particularly in
the study of intersections of subspaces and enumerative geometry.



Q: What are Schubert classes?
A: Schubert classes are cohomology classes associated with Schubert varieties
in the Grassmannian. They are used to compute intersection numbers and
provide insights into the geometric properties of varieties.

Q: How does Schubert calculus relate to
combinatorics?
A: Schubert calculus has strong combinatorial aspects, particularly in the
use of tools like Young tableaux and symmetric functions, which help in
calculating intersection numbers and understanding the combinatorial
structures involved.

Q: What are Grassmannians?
A: Grassmannians are spaces that parametrize all k-dimensional linear
subspaces of an n-dimensional vector space. They serve as the foundational
setting for studying Schubert varieties and classes in Schubert calculus.

Q: Can Schubert calculus be applied in mathematical
physics?
A: Yes, Schubert calculus has applications in mathematical physics,
particularly in areas like string theory and the study of moduli spaces,
demonstrating its interdisciplinary relevance.

Q: What are intersection numbers in Schubert
calculus?
A: Intersection numbers in Schubert calculus are numerical values
representing the number of points at which various subspaces intersect,
computed using methods like Schubert polynomials and combinatorial
techniques.

Q: What future research trends are emerging in
Schubert calculus?
A: Future research trends in Schubert calculus include exploring connections
to moduli spaces, advancing computational techniques, and expanding
interdisciplinary applications across various fields of mathematics and
physics.
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