proof of fundamental theorem of calculus

proof of fundamental theorem of calculus serves as a cornerstone in the field of mathematics,
bridging the concepts of differentiation and integration. This fundamental theorem not only provides
a way to evaluate definite integrals but also highlights the profound relationship between the two
operations. In this article, we will delve deeply into the proof of the fundamental theorem of
calculus, exploring its two main parts, the significance of the theorem, and applications in various
fields. We aim to provide a comprehensive understanding of why this theorem is pivotal in both
theoretical and applied mathematics.

We will begin with an overview of the theorem itself, followed by a detailed proof of both parts, and
conclude with its applications and significance. This structured approach will equip readers with
both the theoretical background and practical insights regarding the fundamental theorem of
calculus.
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Introduction to the Fundamental Theorem of Calculus

The fundamental theorem of calculus establishes a powerful connection between differentiation and
integration. It is divided into two main parts: the first part relates the concept of the derivative of a
function to its integral, while the second part provides a method to compute definite integrals. This
theorem is essential for understanding the behavior of functions and serves as a foundational
principle in mathematical analysis, applied mathematics, and various scientific disciplines.

To fully grasp the implications of the theorem, it is crucial to understand the definitions of integrals
and derivatives, as well as the conditions under which the theorem holds. The theorem's implications
extend far beyond pure mathematics, influencing fields such as physics, engineering, and economics.



Statement of the Theorem

The fundamental theorem of calculus can be stated in two parts:

Part 1

Part 1 states that if \( f\) is a continuous real-valued function defined on the interval \([a, b]\), and \(
F\) is an antiderivative of \( f\) on that interval, then:

\[
\int a”b f(x) \, dx = F(b) - F(a)
\]

This part emphasizes that the definite integral of a function can be computed using its
antiderivative.

Part 2

Part 2 states that if \( f'\) is a real-valued function on an interval \([a, b]\) and \( ) is integrable on
\([a, b]\), then the function \( F \) defined by the integral:

\[
F(x) = \int a~x f(t) \, dt
\]

is continuous on \([a, b]\), and differentiable on \((a, b)\), with \( F'(x) = f(x) \) for all \( x\) in \((a, b)\).
This shows that differentiation and integration are inverse processes.

Proof of the Fundamental Theorem of Calculus

The proof of the fundamental theorem of calculus is crucial for understanding its validity and
applications. We will break down the proof into two parts.

Proof of Part 1

To prove Part 1, we start with a continuous function \( f\) defined on the interval \([a, b]\). We define
the function \( F(x) = \int a”x f(t) \, dt\). By the definition of the definite integral, \( F ) is well-
defined for all \( x \) in \([a, b]\).

Next, we show that \( F\) is differentiable and that its derivative is \( f\). According to the definition
of the derivative, we have:



\[
F'(x) = \lim_{h \to 0} \frac{F(x+h) - F(x)}{h}
\]

This can be rewritten as:

\[
F'(x) = \lim_{h \to 0} \frac{\int a”~{x+h} f(t)\, dt - \int a~x f(t) \, dt} {h}
\]

By the properties of integrals, we can express this as:

\[
F'(x) =\lim {h\to 0} \frac{\int x™{x+h} f(t)\, dt}{h}
\]

For small \( h ), since \( f\) is continuous, it approaches \( f(x) \) as \( h \) approaches \( 0\). Thus, we
can approximate:

\[
\int x”~{x+h} f(t) \, dt \approx f(x) \cdot h
\]

This leads us to:

\[

F'(x) = \lim {h \to 0} \frac{f(x) \cdot h}{h} = f(x)

\]

Since \( F'(x) = f(x) \), we conclude that \( F ) is indeed an antiderivative of \( f).

Now, applying the Mean Value Theorem for integrals, we can find some \( ¢ \in (a, b) \) such that:

\[

\int a”b f(x) \, dx = f(c)(b - a)

\]

Since \( F ) is continuous, we can state that:
F(b) - F(a) = f(c)(b - a)

\]

This completes the proof of Part 1.

Proof of Part 2

To prove Part 2, we again consider a function \( f\) that is integrable on \([a, b]\). We define the
function \( F(x) = \int a”x f(t) \, dt ).



Since \( f\) is integrable, \( F ) is continuous on \([a, b]\). To show that \( F ) is differentiable, we
again use the definition of the derivative:

\[

F'(x) = \lim {h \to 0} \frac{F(x+h) - F(x)}{h}

\]

Applying the definition of \( F \):

\[

F'(x) = \lim {h\to 0} \frac{\int a”™{x+h} f(t) \, dt - \int a”~x f(t) \, dt}{h} = \lim {h\to 0}

\frac{\int x~{x+h} f(t) \, dt}{h}
\]

Using the properties of integrals, we find:

\[
F'(x) = \lim_{h \to 0} \frac{f(c)(h)}{h} = f(c)
\]

for some \( ¢ \in (x, x+h) \). As \( h\) approaches \( 0 ), \( ¢ \) approaches \( x\), and thus

This establishes that \( F \) is differentiable and that its derivative is \( f'\).

Applications of the Fundamental Theorem of Calculus

The fundamental theorem of calculus is not just a theoretical concept; it has numerous practical
applications across different fields. Some notable applications include:

e Physics: The theorem is used to calculate the work done by a variable force, where the work
is the integral of the force over the distance.

e Engineering: It assists in determining the area under curves, which is essential in various
engineering calculations, including material strength and fluid dynamics.

e Economics: Economists utilize it to analyze cost functions, consumer surplus, and producer
surplus through integration.

¢ Probability: In statistics, the theorem aids in finding probabilities and expected values by
integrating probability density functions.

e Computer Science: Algorithms that involve numerical integration, such as those used in
machine learning and data analysis, rely on the principles outlined in this theorem.



In conclusion, the fundamental theorem of calculus serves as a vital link between differentiation and
integration, providing essential tools and concepts used in a multitude of disciplines. Its implications
extend far beyond theoretical mathematics, influencing practical applications in science,
engineering, and economics.

FAQ

Q: What is the significance of the fundamental theorem of
calculus?

A: The significance of the fundamental theorem of calculus lies in its ability to link the processes of
differentiation and integration, allowing for the evaluation of definite integrals through
antiderivatives. This connection is foundational in both pure and applied mathematics.

Q: How does the fundamental theorem of calculus apply to
real-world problems?

A: The theorem applies to real-world problems by enabling calculations of areas under curves,
determining total accumulated quantities, and solving problems in physics, economics, and
engineering that involve variable rates of change.

Q: Can the fundamental theorem of calculus be applied to
functions that are not continuous?

A: While the fundamental theorem primarily applies to continuous functions, it can also be extended
to integrable functions that may have discontinuities as long as the conditions of integrability are
satisfied.

Q: What are the two parts of the fundamental theorem of
calculus?

A: The two parts of the fundamental theorem of calculus are: Part 1, which establishes the
relationship between a continuous function and its antiderivative, and Part 2, which states that the
integral of a function can be differentiated to obtain the original function.

Q: How is the fundamental theorem of calculus utilized in
physics?

A: In physics, the fundamental theorem of calculus is used to calculate work done by a force, where
the work is represented as the integral of force over distance. It also assists in understanding motion
and energy concepts through integration of velocity and acceleration.



Q: What is an example of using the fundamental theorem of
calculus in economics?

A: In economics, the fundamental theorem can be used to compute consumer and producer surplus
by integrating demand and supply functions, respectively, over a given range, thus determining the
total benefit received by consumers and producers.

Q: Is the fundamental theorem of calculus applicable to
multivariable functions?

A: Yes, the fundamental theorem of calculus has extensions for multivariable functions, such as the
fundamental theorem for line integrals and Green's theorem, which relate integrals over paths and
regions in multivariable calculus.

Q: What prerequisites are needed to understand the
fundamental theorem of calculus?

A: To understand the fundamental theorem of calculus, one should have a solid grasp of basic
calculus concepts, including limits, derivatives, integrals, and the properties of continuous functions.

Q: How does the Mean Value Theorem relate to the
fundamental theorem of calculus?

A: The Mean Value Theorem is related to the fundamental theorem of calculus as it provides a
justification for the existence of an average rate of change of a function over an interval, which is
integral to understanding the relationship between differentiation and integration.
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