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theorem of calculus chain rule
finding derivative with fundamental theorem of calculus chain rule is a
crucial concept in calculus that combines the Fundamental Theorem of Calculus
(FTC) with the Chain Rule, allowing for the differentiation of composite
functions effectively. Understanding how these two fundamental principles
interact is essential for solving complex problems in calculus, particularly
when dealing with integrals and derivatives of functions that are
interdependent. This article will delve into the details of the Fundamental
Theorem of Calculus, the Chain Rule, and how to apply these concepts together
to find derivatives. We will provide examples, step-by-step explanations, and
practical applications.

Below is an overview of what this article will cover:

Understanding the Fundamental Theorem of Calculus

The Chain Rule Explained

Combining the Fundamental Theorem of Calculus and the Chain Rule

Examples of Finding Derivatives

Practical Applications

Conclusion

Understanding the Fundamental Theorem of
Calculus

The Fundamental Theorem of Calculus is a pivotal theorem that links the
concept of differentiation with integration. It is divided into two parts:
the first part establishes that if a function is continuous on a closed
interval, then the function has an antiderivative on that interval. The
second part states that if you have a continuous function, the definite
integral of that function can be computed using its antiderivative.

The First Part of the FTC

The first part of the Fundamental Theorem of Calculus states that if \( f \)



is a continuous function on the interval \([a, b]\), then the function \( F
\) defined by:

\( F(x) = \int_{a}^{x} f(t) \, dt \)

is differentiable on \((a, b)\), and its derivative is given by:

\( F'(x) = f(x) \)

This means that differentiation and integration are inverse processes. The
first part of the FTC allows us to evaluate the derivative of a function
defined as an integral.

The Second Part of the FTC

The second part of the Fundamental Theorem of Calculus states that if \( F \)
is an antiderivative of \( f \) on an interval \([a, b]\), then:

\( \int_{a}^{b} f(x) \, dx = F(b) - F(a) \)

This part emphasizes the practical application of finding the area under the
curve, which is a significant aspect of calculus.

The Chain Rule Explained

The Chain Rule is a fundamental technique in calculus used to differentiate
composite functions. If you have a function that is a composition of two or
more functions, the Chain Rule provides a systematic way to find the
derivative of that composition.

Understanding Composite Functions

A composite function is formed when one function is applied to the result of
another function. For example, if \( g(x) \) is a function and \( f(u) \) is
another function where \( u = g(x) \), then the composite function can be
expressed as \( f(g(x)) \).

Applying the Chain Rule



The Chain Rule states that if \( y = f(g(x)) \), then the derivative \(
\frac{dy}{dx} \) can be found using the formula:

\( \frac{dy}{dx} = f'(g(x)) \cdot g'(x) \)

This means you take the derivative of the outer function evaluated at the
inner function and multiply it by the derivative of the inner function. This
principle is crucial when handling complex functions that require
differentiation.

Combining the Fundamental Theorem of Calculus
and the Chain Rule

Combining the Fundamental Theorem of Calculus with the Chain Rule allows us
to differentiate functions defined in terms of an integral where the limits
are not constants but functions of \( x \). This combination is particularly
useful in solving problems where the variable of integration is also a
function of another variable.

Finding Derivatives Using FTC and Chain Rule

To find the derivative of an integral function of the form:

\( F(x) = \int_{g(x)}^{h(x)} f(t) \, dt \)

we can apply both the FTC and Chain Rule. The derivative is given by:

\( F'(x) = f(h(x)) \cdot h'(x) - f(g(x)) \cdot g'(x) \)

This formula effectively captures the contributions from both the upper and
lower limits of integration, considering that they can vary with \( x \).

Examples of Finding Derivatives

Let’s look at some practical examples to illustrate the process of finding
derivatives using the Fundamental Theorem of Calculus in conjunction with the
Chain Rule.



Example 1

Consider the function:

\( F(x) = \int_{0}^{x^2} \sin(t) \, dt \)

To find the derivative \( F'(x) \), we apply the FTC. According to the
theorem:

\( F'(x) = \sin(x^2) \cdot (2x) \)

Thus, the derivative is:

\( F'(x) = 2x \sin(x^2) \)

Example 2

Now consider the function:

\( G(x) = \int_{x}^{x^3} e^{t^2} \, dt \)

Using the combined approach, we find:

\( G'(x) = e^{(x^3)^2} \cdot (3x^2) - e^{x^2} \cdot (1) \)

Thus, the derivative simplifies to:

\( G'(x) = 3x^2 e^{x^6} - e^{x^2} \)

Practical Applications

The combination of the Fundamental Theorem of Calculus and the Chain Rule has
various applications across different fields, such as physics, engineering,
and economics. Understanding how to differentiate complex functions allows
for modeling real-world scenarios accurately.

Applications in Physics

In physics, these concepts are often used to calculate quantities such as



displacement, velocity, and acceleration, particularly in the context of
motion along a path defined by an integral of force over distance.

Applications in Economics

In economics, the FTC and Chain Rule can model cost functions and consumer
behavior, where integration helps to find total costs or revenues as
functions of varying rates.

Conclusion

Finding derivative with fundamental theorem of calculus chain rule is an
essential skill in the realm of calculus, enabling the differentiation of
complex functions that arise in various mathematical and applied contexts.
Mastery of these principles allows for deeper insights into the behavior of
functions and their applications in real-world scenarios.

Q: What is the Fundamental Theorem of Calculus?
A: The Fundamental Theorem of Calculus links differentiation with
integration, establishing that if a function is continuous on a closed
interval, it has an antiderivative, and the definite integral can be
evaluated using this antiderivative.

Q: How do I apply the Chain Rule?
A: To apply the Chain Rule, differentiate the outer function while keeping
the inner function unchanged, and then multiply by the derivative of the
inner function.

Q: Can you give an example of using FTC and Chain
Rule together?
A: Yes, for \( F(x) = \int_{0}^{x^2} \sin(t) \, dt \), the derivative is \(
F'(x) = 2x \sin(x^2) \), using both the FTC and the Chain Rule.

Q: Why is the Chain Rule important?
A: The Chain Rule is crucial for differentiating composite functions, which
are common in calculus, allowing for the analysis of complex relationships
between variables.



Q: What are some real-world applications of these
concepts?
A: These concepts are used in physics to analyze motion, in economics for
cost and revenue modeling, and in engineering for system dynamics, among
other fields.

Q: How does the derivative of an integral function
differ from a standard derivative?
A: The derivative of an integral function accounts for the variable limits of
integration, requiring the application of both the FTC and the Chain Rule,
while a standard derivative typically involves differentiating a function
directly.

Q: What is the significance of continuity in the
FTC?
A: Continuity is essential in the FTC because the theorem guarantees the
existence of an antiderivative for continuous functions, which allows for the
application of integration and differentiation interchangeably.

Q: How do you find derivatives when limits are
functions of x?
A: When limits are functions of \( x \), use the formula \( F'(x) = f(h(x))
\cdot h'(x) - f(g(x)) \cdot g'(x) \) to account for both the upper and lower
limits' contributions.
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