
calculus with infinitesimals

calculus with infinitesimals represents a fascinating and somewhat controversial approach to calculus

that has gained renewed interest in modern mathematics. Unlike traditional methods that rely on limits,

infinitesimals provide a more intuitive understanding of change, motion, and the behavior of functions.

This article explores the historical context of infinitesimals, their mathematical foundations, how they

differ from classical calculus, and their applications in various fields, including physics and engineering.

Additionally, we will discuss the role of infinitesimals in modern mathematics, including non-standard

analysis, and how they can simplify complex concepts. Understanding calculus with infinitesimals can

significantly enhance one's grasp of mathematical concepts and provide deeper insights into the nature

of calculus itself.
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Historical Background of Infinitesimals

The concept of infinitesimals has a rich history that dates back to early mathematicians such as Isaac

Newton and Gottfried Wilhelm Leibniz in the 17th century. Both contributed to the development of

calculus, but their approaches differed significantly. Newton’s method of fluxions and Leibniz’s use of

differentials relied on the notion of infinitely small quantities, which they used to derive fundamental

principles of calculus.

However, the acceptance of infinitesimals was fraught with challenges. Mathematicians like Augustin-

Louis Cauchy and Karl Weierstrass later formalized calculus using limits, effectively sidelining the

concept of infinitesimals. Despite this, the idea persisted in various forms and was notably used in the

works of mathematicians such as Georg Cantor and Abraham Robinson, who later provided a rigorous

foundation for infinitesimals through non-standard analysis.

Mathematical Foundations of Calculus with Infinitesimals

Calculus with infinitesimals can be understood through the lens of non-standard analysis, which

introduces a framework for rigorously handling infinitesimals. In this context, an infinitesimal is defined

as a quantity that is greater than zero but smaller than any positive real number. This allows for a

more natural interpretation of derivatives and integrals.

In non-standard analysis, the hyperreal numbers extend the real number system to include infinitesimal

and infinite quantities. This system provides a formal structure in which calculus can operate smoothly,

allowing mathematicians to manipulate infinitesimals similarly to standard numbers.

Key concepts in this framework include:

Infinitesimal Values: Values that are closer to zero than any positive real number.

Standard Part: A function that maps a hyperreal number to the nearest real number.

Hyperreal Numbers: A number system that includes real numbers, infinitesimals, and infinite

numbers.



Comparison with Classical Calculus

While both calculus with infinitesimals and classical calculus aim to study change, they do so in

fundamentally different ways. Classical calculus relies heavily on the concept of limits, providing a

method to approach instantaneous rates of change and areas under curves through the limit of a

function as it approaches a point.

In contrast, calculus with infinitesimals allows for a more direct approach. For example, the derivative

of a function at a point can be understood as the ratio of infinitesimal changes in the function and its

variable, rather than the limit of the ratio of finite changes. This perspective can simplify many

calculations and provide geometric insights that are less apparent in the limit-based approach.

Some key differences include:

Conceptual Approach: Infinitesimals provide a more intuitive grasp of instantaneous change.

Computational Ease: Infinitesimals can simplify derivative and integral calculations.

Geometric Interpretation: Infinitesimals facilitate a clearer geometric understanding of calculus

concepts.

Applications of Infinitesimals in Various Fields

Calculus with infinitesimals is not just a theoretical concept; it has practical applications across several

fields. In physics, infinitesimals can be used to model motion, forces, and energy changes. For

instance, in mechanics, the instantaneous velocity of an object can be calculated using infinitesimal

time intervals, providing a direct method to derive equations of motion.

In engineering, infinitesimals play a crucial role in analyzing systems that involve rates of change, such

as fluid dynamics and thermodynamics. The ability to work with infinitesimals allows engineers to



design more efficient systems based on precise calculations of changes over time.

Other areas where calculus with infinitesimals is applied include:

Economics: Modeling marginal changes in supply and demand.

Biology: Understanding rates of growth and decay in populations.

Computer Science: Algorithms that rely on continuous optimization techniques.

Modern Perspectives: Non-Standard Analysis

Non-standard analysis has revived the use of infinitesimals in a rigorous mathematical framework.

Developed by Abraham Robinson in the 1960s, this approach allows mathematicians to use

infinitesimals in a way similar to the traditional methods of calculus while maintaining logical

consistency.

Non-standard analysis provides a set of axioms that govern the behavior of infinitesimals and infinite

numbers, allowing for the exploration of calculus in a new light. The results obtained through non-

standard analysis often align with those derived from classical calculus, but the methods can yield

different insights and techniques that are beneficial in various applications.

Some concepts in non-standard analysis include:

Internal Sets: Sets that contain hyperreal numbers, including infinitesimals.

External Sets: Collections that may include infinitesimals and infinite numbers, but do not have

the same properties as standard sets.

Transfer Principle: A fundamental property that allows statements true for real numbers to also

be true for hyperreal numbers.



Benefits of Using Infinitesimals in Calculus

The use of infinitesimals in calculus offers several advantages that can enhance both understanding

and application. One significant benefit is the simplification of complex problems. Infinitesimals allow

for direct computation of derivatives and integrals without delving into the sometimes intricate limit

processes.

Furthermore, infinitesimals provide a more intuitive approach to understanding the concepts of

continuity and differentiability. By thinking in terms of infinitesimal changes, students and practitioners

can better grasp the underlying principles of calculus.

Other notable benefits include:

Enhanced Intuition: Infinitesimals can make abstract concepts more tangible.

Streamlined Calculations: Reduces the need for extensive limit evaluations.

Broader Applications: Facilitates advanced techniques in various scientific disciplines.

Conclusion

Calculus with infinitesimals offers a compelling alternative to traditional calculus methods, providing

new insights and a deeper understanding of mathematical concepts. As the mathematical community

continues to explore non-standard analysis, the potential applications and benefits of infinitesimals in

various fields will likely expand. Embracing this approach can enhance both the theoretical and

practical aspects of calculus, making it a valuable tool for students, educators, and professionals alike.



Q: What are infinitesimals in calculus?

A: Infinitesimals are quantities that are greater than zero but smaller than any positive real number. In

calculus, they are used to represent very small changes in variables and provide a foundation for

understanding derivatives and integrals.

Q: How do infinitesimals differ from limits in calculus?

A: While limits approach a value as closely as desired without actually reaching it, infinitesimals

represent actual values that are smaller than any standard real number. This allows for a more intuitive

understanding of change without the formal limit process.

Q: What is non-standard analysis?

A: Non-standard analysis is a branch of mathematics that formalizes the use of infinitesimals and

infinite numbers. Developed by Abraham Robinson, it provides a rigorous framework for working with

these concepts in calculus.

Q: Can infinitesimals be used in real-world applications?

A: Yes, infinitesimals have practical applications in various fields, including physics, engineering,

economics, and biology, where they help model rates of change and other dynamic processes.

Q: Are infinitesimals accepted in modern mathematics?

A: Yes, infinitesimals are accepted in modern mathematics, particularly through the framework of non-

standard analysis, which provides a consistent and rigorous approach to their use.



Q: What are the advantages of using calculus with infinitesimals?

A: The advantages include simplified calculations, enhanced intuition for concepts like continuity and

differentiability, and broader applications across scientific disciplines.

Q: How did historical figures contribute to the concept of

infinitesimals?

A: Historical figures like Isaac Newton and Gottfried Wilhelm Leibniz initially developed calculus using

infinitesimal quantities, though later mathematicians shifted towards limit-based approaches. Their work

laid the groundwork for the eventual revival of infinitesimals through non-standard analysis.

Q: What is the transfer principle in non-standard analysis?

A: The transfer principle is a key concept in non-standard analysis that states that if a mathematical

statement is true for real numbers, it is also true for hyperreal numbers, including infinitesimals and

infinite quantities.

Q: How does calculus with infinitesimals help in learning calculus?

A: Calculus with infinitesimals can make understanding calculus concepts more intuitive and

accessible, allowing students to grasp fundamental ideas without getting bogged down by the

complexities of limits.

Q: In what fields is calculus with infinitesimals particularly useful?

A: Calculus with infinitesimals is particularly useful in fields such as physics for modeling motion,

engineering for analyzing systems, economics for studying marginal changes, and biology for

understanding growth rates.
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