
calculus of variations examples
calculus of variations examples provide a fascinating insight into how mathematics can solve
problems involving functionals, typically expressed as integrals. This branch of mathematical
analysis is essential in various fields, including physics, engineering, and economics, where finding
optimal solutions is crucial. In this article, we will explore several examples of calculus of variations,
including their definitions, key principles, and applications in real-world scenarios. We will also
delve into specific problems such as the brachistochrone problem, the isoperimetric problem, and
the application of calculus of variations in physics. Each example will illustrate the power and utility
of this mathematical framework.
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Introduction to Calculus of Variations

Calculus of variations is a field of mathematical analysis that focuses on optimizing functionals,
which are typically integrals of functions. This discipline seeks to find the function that minimizes or
maximizes a given functional, often leading to profound implications in mathematics and applied
sciences. The calculus of variations has a rich history, with significant contributions from
mathematicians such as Lagrange, Euler, and Jacobi.

At its core, the calculus of variations involves determining the extremals (maximum or minimum
points) of functionals. The fundamental problem can be stated as follows: Given a functional
expressed as an integral, how can one find the function that provides the least or greatest value of
that integral? This question leads to the formulation of the Euler-Lagrange equation, a vital tool for
solving such problems.

Key Concepts and Definitions

To understand calculus of variations, it is essential to grasp several key concepts and definitions that
underpin the field. These include functionals, extremals, and the Euler-Lagrange equation.



Functionals

A functional is a mapping from a space of functions to the real numbers. For example, an integral of
the form:

J[y] = ∫ F(x, y, y') dx

where F is a function of x, y (the function we are trying to optimize), and y' (the derivative of y),
represents a functional J. The goal is to find the function y that minimizes or maximizes J.

Extremals

Extremals are the functions that yield the extreme (minimum or maximum) values of the functional.
To find these functions, one must derive the Euler-Lagrange equation, which provides necessary
conditions for a function to be an extremal of a given functional.

Euler-Lagrange Equation

The Euler-Lagrange equation is a critical equation in calculus of variations, given by:

∂F/∂y - d/dx(∂F/∂y') = 0

This equation must be satisfied by any function y that is an extremal of the functional J. Solving the
Euler-Lagrange equation often leads to the desired function that optimizes the specified functional.

Famous Examples in Calculus of Variations

Several classic problems illustrate the principles of calculus of variations. These examples not only
showcase the application of the Euler-Lagrange equation but also highlight the elegance of the
solutions derived from it.

The Brachistochrone Problem

The brachistochrone problem is a well-known problem in physics and calculus of variations. It asks
for the shape of a curve along which a particle will slide from point A to point B in the least time,
under the influence of gravity.

The solution to this problem reveals that the optimal path is a cycloid, which is the trajectory traced
by a point on the circumference of a rolling circle. By applying the calculus of variations and



deriving the Euler-Lagrange equation, one can establish that this cycloidal path minimizes the time
taken for the particle to travel between the two points.

The Isoperimetric Problem

The isoperimetric problem is another classic example that seeks to determine the shape of a closed
curve with a fixed perimeter that encloses the maximum area. The solution to this problem shows
that a circle is the optimal shape.

Using calculus of variations, one can formulate the problem by considering the functional
representing the area enclosed by the curve and applying constraints to the perimeter. The Euler-
Lagrange equation helps derive the necessary conditions for the optimal curve, ultimately leading to
the conclusion that the circle maximizes the area for a given perimeter.

The Problem of the Hanging Cable

This problem, also known as the catenary problem, involves finding the shape of a cable suspended
under its own weight. The shape formed is known as a catenary, which can be described
mathematically by a hyperbolic cosine function.

By applying the calculus of variations, one can derive the catenary's equation by minimizing the
potential energy of the cable while adhering to the constraints of the system. The resulting shape is
not only mathematically elegant but also practically significant in engineering applications.

Applications in Various Fields

Calculus of variations has extensive applications across multiple fields, each leveraging the
principles of optimization to address complex problems.

Physics

In physics, the calculus of variations is used to derive the equations of motion and principles such as
the principle of least action. This principle states that the path taken by a system between two states
is the one that minimizes the action, a functional defined as the integral of the Lagrangian over time.

Engineering

In engineering, calculus of variations plays a crucial role in structural optimization, control theory,



and materials science. Engineers often seek to minimize material usage while maximizing structural
integrity, a problem ideally suited to the techniques of calculus of variations.

Economics

Economists use calculus of variations to optimize utility functions and resource allocation. By
modeling economic behaviors as functionals, they can derive optimal strategies for consumption,
investment, and production under various constraints.

Conclusion

Calculus of variations examples illustrate the profound impact this mathematical discipline has
across various fields. From the brachistochrone and isoperimetric problems to applications in
physics, engineering, and economics, the principles of optimization and the Euler-Lagrange equation
provide powerful tools for solving complex problems. By understanding these examples, one can
appreciate the elegance and utility of calculus of variations in both theoretical and practical
contexts.

Q: What is the calculus of variations?
A: The calculus of variations is a branch of mathematical analysis focused on finding the function
that minimizes or maximizes a given functional, typically expressed as an integral involving the
function and its derivatives.

Q: What is the Euler-Lagrange equation?
A: The Euler-Lagrange equation is a fundamental equation in calculus of variations that provides
necessary conditions for a function to be an extremal of a functional. It is expressed as ∂F/∂y -
d/dx(∂F/∂y') = 0.

Q: What is the brachistochrone problem?
A: The brachistochrone problem seeks to determine the shape of a curve along which a particle will
slide from one point to another in the least time under the influence of gravity. The solution is a
cycloidal path.

Q: How does calculus of variations apply in physics?
A: In physics, calculus of variations is used to derive the equations of motion and principles like the
principle of least action, which states that the path taken by a system is the one that minimizes the
action functional.



Q: Can calculus of variations be applied in engineering?
A: Yes, calculus of variations is widely applied in engineering for structural optimization, control
theory, and materials science, helping engineers minimize material usage while maximizing
structural performance.

Q: What is the isoperimetric problem?
A: The isoperimetric problem involves finding a closed curve with a fixed perimeter that encloses the
maximum area. The solution shows that a circle is the optimal shape for this condition.

Q: What are some real-life applications of the calculus of
variations?
A: Real-life applications of calculus of variations include optimizing resource allocation in economics,
minimizing energy consumption in physics, and designing efficient structures in engineering.

Q: What role do functionals play in calculus of variations?
A: Functionals are central to calculus of variations, as they represent the relationships between
functions and the values that need to be optimized, typically expressed as integrals over a given
domain.

Q: What is the catenary problem?
A: The catenary problem involves determining the shape of a hanging cable under its own weight,
which forms a curve described mathematically by a hyperbolic cosine function.

Q: How is the calculus of variations relevant to economics?
A: In economics, calculus of variations is used to optimize utility functions and resource allocation,
helping economists derive optimal strategies for consumption, investment, and production under
constraints.
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